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Abstract 

In this work, it is proved the complete expansion for the second mo- 
ment of the overlap function for the Sherrington-Kirkpatrick model. It is 
a technical result which takes advantage of the cavity method and other 
induction arguments. 



1 Introduction 
1.1 SK model 

This work conccrnes the study of a quantity that plays an important role in 
the Sherrington-Kirkpatrick model (SK model). In the following, I describe 
the SK model. In this model, we have the particularity to obtain two levels of 
randomness. More precisely, we suppose that a certain system has A'^-particles 
and the set of all possible system configurations is Sa? = {—1, +1}''^. We define 
the probability of realization of one configuration cr G Sjv as: 



Zn 

where /? is a parameter of the system (a positive real number), the term Zn = 
Seres™ e'^^'^'^^ is a normalization factor and the term E((t) represents the energy 
of the configuration a. In this way, we obtain our first probabilistic model 
(Ejv, .F/v, Pat). However, the measure Pat is a random measure because the 
energy of the configuration a — ((Ti, . . . , <7n) is a random variable defined by: 



^<i<3<N 



The {gi.j)i<i<j<N is a family of independent standard gaussian random vari- 
ables that live in a second probabilistic world {^In, Gn, Gjv). When we look at 
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the correlation between the energy levels of two different configurations and 
a^, we obtain that 

' N \ 2 

Consequently, the correlation depends on the quantity 

i=l 

called overlap function. 

If we have a function / defined in the product space S^, we will denothe by 
(/) the expectation with respect to the product measure P^" and by zy(/) the 
double expectation E(/). 



1 

N 



E 

l<i<j<N 
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1.2 Previous Results 

According to the literature, we can obtain result for two different regions: the 
one of high temperature (small /3) and the one of low temperature (large /?). The 
book |T] is a good survey of the results for the SK model and its generalizations 
from a mathematical point of view. During this work, we will be focus on the 
high temperature region. We can find, in the book |T|, the following result: 

Theorem 1.1 Given (i <1, we have that: 

^(^^^^)-iv(T^ + «(A^)- 

In the article [2], we can see the result. 
Theorem 1.2 Given fi <1, we have that: 

and they also obtained numerical results for the third term of the expansion. 
Our goal is to obtain the complete expansion for v{R\ 2)- 



1.3 Cavity Method 

At this point, we introduce a family of fonctionals vt that depends on a pa- 
rameter t g [0,1]. First of all, given one function / : M, we define 
vt{f) = B{f)t where: 

/(ai,...,a")e'3(E*(-')+-+E*(-")) 

\f/t - ^ 
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with the normalization factor given by: 



and the energy by: 

^ l<i<j<N-l ^ ^ l<i<N-l 

Therefore, if the parameter t takes the value one we have the usual energy of 
one configuration with N particles else t assumes the value zero we have the 
energy of one configuration with — 1 particles for a different temperature. 
Thus, we see the idea of induction with the introduction of the parameter t. 



1.4 Some notations 

The first idea used in this work is to perform a Taylor's series for the function 
t i^tif)- When we do it the terms e/^ — crj^ appear for li a positive integer and 

also appear the functions -R;~ ;/ = jfJ2i<i<N-i'^i^'^i^ ^'^^ another positive 
integer greater than li. The first differentiation of i^tij) satisfies: 

Proposition 1.3 Given a function f on and t > 0, we have 

l<ll<l[<7l 

li <n 

2 n(n + 1) . „ _ 

which the proof can be found in [TJ. Let £ be an integer greater than or equal 
to one. When we take the ^'''-differentiation of i^t(/) it appears the terms: 

i=l 

with I = ■ ■ ■ ,h, I'l). These terms define naturally 3^ sets of sequences of 

the type {h,l'n ■ ■ ■ ,h, l[) denoted by C/^ with m = 1, . . . , 3^ and defined for 
€ = 1 by: 

Cl^ = {{hA)\^<h<l'i<n} 

Cl2 = {{hA)\^<h<n- l[=n + l} 

Cl:, = {(liA)\h^n + l- l[^n + 2} 
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where n is the number of configurations that / depends on. For £ > 2 and 
each positive integer of the set { |m G {1, . . . , 3^}} we define recursively the 
numbers 

M/_^ = { the number of configurations of fS^ with [ e (1) 
and the sets: 

^/,3[^]-2 ~ {(^1' • • • >^^>^£)l(^i5 • • • s C'J_j^jm-|, ^ < k < I'e -^/-ij^i), 
C{3rfl-i = {{h, . . . JeJ'eMu ■ ■ ■ J'e-i) & Cl_^,^inyl < <M/_^_^^^ and 
I'l = m/_^ |-^-| + 1}, 

C/sffi = {{h,---,h,le)\{h,---,le-i) e C/_i_^^^ , = m/_^_^„^ + 1 and 

l'e = Mi,^^^^+2}. (2) 

We observe that the numbers and the sets C/^ are well defined. For 

£ = 1 we have that Mi^i = n, Mi_2 = n + 1 and Mi_3 = n + 2. By hypothesis of 
induction on £ we suppose that the numbers ^^-^ and the sets C/_i ^m,-^ 

arc well defined. Consequently, for each to e {1,...,3^} by their definitions 
the sets C^3|-m-|_2) C'/3|-m-|_i and C^^m-^ are also well defined and the numbers 
M{3^^^_2 = M/_,_^^^,M/3^^^_, = M/_,_^„^ +1 and M^g^^^ = m/_,_^^^ + 
2. 

Now, we also introduce the following notation: let u be a integer between 1 
and i. Given any sequence I = {hj'i, ■ ■ ■ ,k, we define for each u the set 

Gf = {r = {hiJi^,. . -Ji^JiJlih, . . . e {1, . . . ,£} and are all different} . 

and given a subsequence Z" — {k^ ,1'^^, . . . £ Gf we also define the term 

e'" = nr=i ^hr^l'i ' term e'" = e'e'" and the functions 

Riu = Ri.^ . . . Ri.^^i'^^ and R^u = Ri.^ i> ■ ■ ■ Ri.^ i> ■ 

We also introduce the coeflScient {I) defined in the Proposition below which 
the proof can be found in the section A Result of Differentiation: 

Proposition 1.4 Given a function f on and t > 0, we obtain that for a 
positive integer i: 

The coefficients p^{l) are defined for t equals to one by: pf{l) = 1 ifle C/i, 
pf{l) = -nifle and p^{l) = ^^^^ if I e Cl^. Given I greater or 
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equal to two they are defined recursively by: we consider that I = {I, le, I'g) with 
I € C^_i |-rni for some m then 



'pHI),^ ifl€Cl^^^^_^, 



1.5 Contributions 

The main results of this work are the following ones: 

Lemma 1.5 Given (3 a positive real number less than one. We determine for 
all sequence I = (li,li, . . . ,1^, l^j such that li < l[ for all i = 1, . . . ,£ and e' = 1 
with £ < 2k for a positive integer k and I = {l,leJe), the coefficients A^- such 
that 



M.'«r) = |:|+o(^). 



i=o 

(a) if k is equal to one the only possible value for £ is 2 and we have 

1 



(1-/32)' 



(b) if k> 2 and £ = 2k it enoughs to know the value of the coefficients XJ for 
j = 1,. . . , k— 1 of all sequences 7 = (71, 7^, ... , 72, 72) such that z < 2k— 2 
and = 1. Then, 



A/c — 



1 



l-/?2 
2fe-2 



2fe-2 u 2fc-2 

E E E E (-i)"-"Ar; + E E 



Li— 1 iu 



2fe-2-M 3'^ 



+ E E E E E /?V--WASf2, 



and the coefficients Xj with j negative are all of them equal to zero. 

(c) if k > 2 and 2 < £ = k < 2k it enoughs to know the coefficients XJ 
for j = 1, . . . ,k — 1 for all sequences 7 = (71 , 7^, . . . , 72, 7^) such that 
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z < 2fc — 2 and e'* ~ 1 and XJ, if k < z < 2k and e'^ = 1. Thus, we obtain 



A, 



I _ ^ 
^ 1-/32 



k—1 u 

51 X! 51 XI ("i)''""^Lfe+i, + ^{fe=i+fe} 



?7 G C/r-.p 



'"e'' = 1 



2fe— fc + l 3'' „2r f'/?-/ \ 

EE E ^^T^A<'->-l:E E 



fe-fe 



j-\ ) 2-^ 2-^ 2-^ j.\ 2-^ 2-^ k-k+u 

e'"e'' = 1 

where '^f^^ij^f^ is the indicator function of the set {k\k = fc + 1}. 
In this work, we also demonstrate the complete expansion for the Expression 

Theorem 1.6 Let (3 be less than one and fco be an integer positive kg > 1. 
Then, 



j=i 



with 



-1 m— 1 ^„ D- 



eie2e' = 1 

and the coefficients A^^'^'''' are defined in the Lemma ] 1 . 5\ 



This Theorem is quoted by Talagrand in ^ as a research problem. 

In the next section, we prove the Proposition 11.41 In the third section, 
we obtain some preliminary results. In the following section, we prove the 
Lemma 1 1.5 1 and in the last section, we obtain the proof of Theorem ll.6l 
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2 A Result of Differentiation 



Our first result concernes the differentiation of order i for a function / wliicli 
produces: 

The proof of Proposition 11.41 Tire proof is by induction on i. Tlie case £ 
equals to one is the result obtained in the proposition II. 31 We suppose that the 
result is true for £ — 1. Then, we have that 

At this point, we remember the definition of the numbers ^ given by Equa- 
tion ^ and we apply the Propositon 11.31 for the function g ~ fS^, then we 
obtain that 



1<Ii<m(_^ „ 



m/_,_„(m/_,_„ + i) 



P ^tyfSj S, 



and the result follows when we look at the definition of the sets C/^ and the 



fact that S- S, = S^, „ | 



Using the Proposition II . 41 and perfoming a Taylor series, we obtain that 

K/) = -o(/)+EE E ^ir^Mfsn (3) 

e=i m=l i^cl^ 

Some terms in the above expression vanish, in reason of the following result: 

Proposition 2.1 Let f he a function defined on S^. Assume f = f^f where 
f~ is a function of the N — l-system, and f depends only on ei, . . . ,e„. // 
Av f ~ Q (where Av means average on ei = ±, . . . , e„ = ±lj then 

Mf) - 0. 

The proof of this Proposition can be also found in [T] . 
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3 The case e^Ri 

We can write for any sequence I — . . . ,le,l'g) that 



' ^ ^ iV^ 

u=i i"eG" 



which produces the following result: 



Proposition 3.1 Given any sequence I — (Zi, . . . l'^) such that hi < l[ for 
all i — 1, . . . , £, we obtain that 

"(''^o-T^+Ei: ^^^^ 

v e Cr,p 

e^"e'> = 1 

Proof We start by applying the Equation ^ for each one of the functions in 
Equation ([5]), in reason of the linearity of then we obtain that 

u=i i^eGf \ 

r=lp=l ,i^R- I 

We remark that S~ = e^R~. Consequently, We can make the constraint 
that e''e'" = 1 in reason of the Proposition 12.11 which concludes the proof | 

We also prove another relation: 
Proposition 3.2 Let I be a sequence (Zi, l[, . . . , Ip, l'^) and I — (li, . . . , l£_i) such 
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that e = 1 and U < l[ for all i = 1, . . . ,£. Then, we obtain that 

u=i I'^eG]' 

EE EE E jlr — ^M.'fl.7) + E 



e'' = 1 



EEE E E E /^J. — ^^MK^.^K) 

= 1 

we observe that i/ 7^ 1 t/ie Equation is also true but it is equal to zero. 
Proof Given the sequence I = (li,l[, . . . , l^, l'^) we have that: 



N 

i=l 



(-1) V- V- (-1) e Ri 



E E 



Thus, we obtain by Unearity that 

-o(^'i?r)-^ + E E ^^-o(.'"i?^o 

u=i i^'eGY 

When, we apply above the Equation ^ for each one of the term in the right 
side, we get 



u=i i^eoy 



EE^i^EE E ^ " „ "'' ^o(.-fi,.5-) 



Now, we use the fact that S'^ = e^R^ and we use again the relation ([4]) for each 
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term e' then 

EE E ^^7r^]^-o(e''^^7) Ue E EE E E 

the conditions = 1 in the third term and e'"'"e'' = 1 in the last term are 
obtained by one apphcation of the Proposition [2TTJ The result is proved by the 
fact that 



N 



where we have used in the last two equalities the property of symmetry of the 
sites and that \ — i = e'e'^e'*. | 

Indeed, we can simplify more this last expression. We obtain that 

Proposition 3.3 Let I = . . . be a sequence and we consider I = 

(^1, • ■ • , such that e' = 1 and k < l[ for i — 1, . . . ,£. Then, we have 

-o(^'^r)-EEE E ^^-o(e-"i?r..) + ^ 

u=l l"eGT v = i /"-"SG" 



1-2 (e'"-R~) °° 

E E - - + EEEE E 



Tj €i Cr,p ^ 

e'"e'7 = 1 



e** = 1 

-EE E E E 

e'"e'' = 1 
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Proof Using Proposition l3.2l and Equation ^ we obtain that 

-o(^'^r)-^ + E E ^-o(/^i?M + E E EE 



^6 K/U 



EE EE E '"^ — ^^c'^P + E 



If tl '-^T- p 

e'' = 1 



EEE E E E H^.-^- — ^^o(i^r.^i?- 

e'"'"e'' = 1 

At this point, we apUy relation (U) then we have 

(-1)^ V- (-i)^"'V 1 V- V- 1 



-o(^'^r) = ^ + E E ^ i^^ + E E 



ti=U"gG^ v=i i^.^eG];,, 

.o(e-i?^,.oUE E EE E - ^ ^ ' 



-o(^,7) + E E EE E E E ^^^^-^^^x 



u=l /"gG^ r=l p=l „t'"-R,u -0=1 /"."SG" 



X ^z.o(6'"-i?,- ^.-i?-) + + E E E E E 

e** = 1 

^"'^ — ^-o(.''i?-) + E E EE E E 

u=l l^eGY r=l p=l ^^cf^iii^ "=1 
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Now, we make some remarks. The first one 

by the binomial expansion of (1 — 1)^. In the Equation ^ we can make the 
assumptioms that in the second hne = 1 and in the third line e' ' e** = 1 
thanks to Proposition 12.11 Consequently, if we do the simplifications we obtain 

.o(e'i?r) = E E E E S^-o(.'"'^i?r...) + K^'i?f) 

u=l /"GG^ 11=1 /"."eG^„ 

-EE E ^^^-oc.^i?-) 

e^' = 1 

-EE E E E 

e'"e'' = 1 

We observe that, in the first summation, the terms with u = £—1 vanish because 
e' 7^ 1 as e' = 1. In order to have the result annouced we look at the term 
v{e^R^) and we apUy the Proposition [3TlJ Thus, 



1 ^ '^o(^'"^r") 



u=l 



+ E E EE E j^.^-^h^MR^R.) (7) 

e'"e'' = 1 

and we finish the proof observing that the term V{){e^R^) is equal to zero be- 

J 



cause e = e;^ e;^ and we can apply Proposition 12.11 We remark that the first 
summation, in the Equation (O, vanishes if i is equal to 2 | 

Soon, we will need the following estimations 

Proposition 3.4 For all values of (3 less than one, given £ >1 and a sequence 
I — {li,l[, . . . , Ig, l[) we have 



(a) ^{Si ),iy{Si) and i^oiSi ) are all of them O (^^yjj 
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(b) for any function f defined on and any positive integer u and a real 
number t in the interval [0, 1] . There exists a constant k — K(f3, u, n) such 
that 

(c) for any real number t in the inteval [0,1] and any positive integer u: 
v[^\S'[) and v[^\Si) are of order O ( — ^qrr ) ■ 

Proof The proof of (a) can be found in [5] of (b) in [T]. The result (c) is a 
consequence of (a) and (b). 

Given a sequence Z = (^i, . . . , Z^) such that e' = 1 and h < l[ for aWi — \, . . . ,i 
with ^ a positive integer less or equal to 2k where fe is a positive integer, we 
want to find out the expansion: 

k \l 



First, we observe the case where k is equal to one. There is no sequence 
I such that £ = 1 and e' = 1 with li < l'^. Hence, we look at the following 
particular result 

Proposition 3.5 Let (3 be a positive real number less than one then 



MK2Ri,2) = — ^ + o 



Proof When we use the Proposition 13. 3i we obtain that 
1 



N 

oo 3'^ 



,"21 



EE E ^ ' ^'^ MR-.aK,) 

£"6162 = 1 



EE E 

r— 1 p—1 ^2 ^ 

e"^ = 1 



CXD 3^ 



/32'-p«i,2(^) 

-■-.-,2 

'"e"? = 1 



EE E E E •^^^MH^'^n) (8) 

h2 
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We observe that for the first summation we can forget the condition eie2£^ = 1 
because the other elements vanish and we can replace Cr]p^^^'^ by Cr,p^ ^'^ and 
peie2-Ri,2^j^) by ^'^^'^^^1.2(7?) as the functions i?i_2 and are different by only 
one constant that does not depends on any configuration which implies: 



C30 3'^ 



r=2 p=l ^ciC2-Rl,2 

eieze" = 1 



r=2 p=l 



l=2-"i,2 



= ^^l'^(eie2i?r2)-0(^^j (9) 

In the last two equality, we have just used the fact that the summation is the 
error term in the Taylor expansion of order one for the function eie2i?j~2 and 
the Proposition 13.41 item (c) where ti is a real number in the interval [0, 1]. 

Now, we dont consider the constraints — 1 and e'^ — 1 in the other 
summation then using relation ^ the other summations can be rewritten as 

x.o(e'"i?,-.''i?-) =EE E ' / ^"K oiRl^e^R-) 



1 



= 4l\K2)-o^-^j. (10) 

where the last summation can be seen as the error term in the Taylor expansion 
of order zero for the function 2) and we used again the Proposition 13.41 
item (c). 

Putting together the Equations ([H]),® and (jlOp we obtain 

MRI2RI2) = ^+P'MRl2Rl2) + o (^^) 

which concludes the proof | 

4 The proof of Lemma 11.51 

Proof We observe that i'Q{e''RY) = O (^y) Proposition [33] item (a) which 
implies — for any nonpositive integer number j and any sequence 



1 
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(Step 0): The case k = 1 

If fc = 1 the sequences / = {li, l[, . . . ,1^, l'^) such that i < 2 and = 1 are 
of the type As depends on only two configurations we have 

that 

MRi,rRi,,0 - -oi^l^Ria) = ^(1^^.) + o (^) , (11) 



where we have used in the last equality the Proposition 13.51 Hence, we have 
proved (a). 

(Step 1): the case k >2 with £ = 2k 

The proof is by induction on k. The case k — I has been proved in the Step 
0. Now, we suppose to know all of the coefficients Xj for all sequences I such 
that £ < 2k — 2 and j — 1, . . . ,k — 1. First, we evaluate the coefficient A^. for 
a sequence I such that £ = 2k. We apply the hypothesis of induction in the 
respectively terms in the expression of Proposition 13.31 which implies 

z/o (e'i?r) ^Ai+A2+A3 + A4 

The term of the first and second summations in ([5|: 

2k-2 u (•_x)2fc-ti A'-i 

«=1 i"eG^ i'=l i".''GG['„ \j=l ^ 

I ^ I k-1 

+ ]Sf2k-l + Y Y J^2k-l-u I 51 + ^ I Affc-i 

"=1 /"(EG? \J = 1 

the term of the third summation in ([5]) with u < 2fc — 2: 

2k-2 r2k-2-u fl2r^e'"fl,-„/„N 

2 Z^ ]\j-2k-l-u^\ I Z^ 



= 1 



1 \\ ^ /3V ^'-(r/)^o(i?,-„i?,-) 



' ' r>2k — l~up=l e'" R- 

TJ G Cr,p ^ 



Now, the term with u = 2fc — 1, we remark that for r = 1 it appears the term 
e'Ri. Thus, 



A3 = /3^.o(.'i?r) + EE E ^^^^^^MRiR;,i 

} ^ Cr,p ^ 

e'e*? = 1 



r>2p=l 

Tj G Cr,p ^ 
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the last terms: 



oc 3^ 



EE E 



2fc 



In the term A4 we removed the constraints 6^ = 1 and e' — 1 as for the other 
?7 these terms vanish. The result follows if we look at the coefficient of order 
for each Aj with j = 1, . . . , 4 and if we demonstrate that the other terms are of 



order O ( — rn- ) . Indeed, each term 



E E E 

r>2k—l — u p— 1 p 

e'"e'' = 1 



1 



,,(2fe-l— u) , r p s 



that appears in satisfies for a positive real number t in the interval [0, 1] and 
we could remove the condition e' = \ because for other values of rj it vanishes 
and we could replace -q G t^"" Ri^ by 77 € ^' because these functions depends 
on the same configurations and we have used the fact that it could be seen as 
a error term in the expansion of i^(e' ) of order 2k — 2 — u. As u < 2k — 2 

and using Propostion 13.41 item (c) each one of these terms are O ) ■ 

the same thought for a real number ti in the interval [0, 1], we can show that, 
the terms which appear in A3, 



3'^ 

EE 

r>2 p=l 



E_ 

e'e'' = 1 



n 



(2) 



(12) 
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To finish, wc look at tlie terms in A4 and we use the relation ^ then 



00 3^ 

EE E 



1 _ 2fc ^ 



u=l i"6G^ 



si: E ^-^..w) 



r>l p—1 



/ 1 



(13) 



where we have used the fact that the last summation can be seen as a error term 
in the Taylor's expansion of order zero for the function j/(e'i?;). Afterwards, we 
applied again the Proposition 13.41 item (c) which proves (b). 
(Step 2:) the case k>2 with £ <2k 

Now, we go on with the induction and we suppose the assumptions of item 
(c). Then, we apply Proposition 13.31 for a sequence I such that 2 < £ — k < 2k 
which produces 



Bi + B2 + -B3 + -B4 



(14) 



where Bi is associated to the two first summations in ([5]) and we have applied 
the hypothesis of induction claimed in the item (b): 



fc-i 



B, 



E E E E 

u=l l^eG]" v=l l^.^eG^^ 
fc-2 



E 



N3 



O 



k-i 



]^k~l ^ ^ ^k~\-u \ ^ 



o 



u—1 i 



B2 has u < k—2 in the third summation at ([5]) and we apply again the hypothesis 
of item (b): 



fe-2 



^^ = E E 



o 



2fe-2-ti 3'' 

E E E 

e'"e'? = 1 



fc-i 



/3V«'(^)ry^^ 



E E E 



r>2k-l-up^l 



e'"e'7 = 1 



]\fk-l-uj.\ ^ ■ 
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is associated to the third summation when u = k — 1. Now, we also apply 
the hypothesis claimed in the item (c): 



B3 = /3'^o(e'i?r) 



2fc~fe+l 3'' 

E E 

r=2 p=l 



E 



rl 



v e Cr,p 

ehi = 1 



0=1 



+ E E E 

r>2fe-fe+2P=l Jr, 

e'e'' = 1 



r\ 



uo{e'R7e^R-] 



the last terms appear in B4: 



2k-k S"" 



^^ = -EE E 



e'' = 1 



- E E E 

e" = 1 



2k-k 3^ 



-EE E 



+ 



^2rpe'fl,(^) 

r! 



fc-1 



5Z Mk-u ( 

e'^'/ = 1 



fe-i ^C",')) 



3'' 



-1:1:1:1: E ^^.<.'^'«r.'«,-). 



r>2fc-fe+i p=i ^gc;'^^' /" e 

e'^" = 1 



Eventually, we obtain the result by observing the coefficient of the term 
in the expressions Bi, 52,-63 and -B4 and by the fact that the other terms are 
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For a fixed sequence each term, that appears in B2, 

r>2fe-l-ti J9=l e'" R- 

Tj € Cr,p ' 

e'"e'' = 1 

^ .f-^-"^(e'"i?:0 = -r^of-^Uof-^) (15) 



where we have just used the fact that this term can be seen as a error term in 
the Taylor expansion of order 2fc — u of the function z/(e'"i?;u) and afterwards 
the Proposition 13.41 item (c) and the fact that u< k — 2. By similar arguments 
the term, that appears in i?3, 

r>2fc-fc+lP-l ^c'-Rf 

e'e'' = 1 



To finish, we look at the terms that appear in B4 which we can remove the 
constraints e'' — 1 and — 1 because the other vanish and usign relation ^ 
we have that 



3 P^rp.'R^f^^^ 
2^ 2^ 2^ r\ 



' veCr 



Me-'RJ + l^ E ^71- 



^ E E E ^M.'«r."«,7)^ 

r>2k-k + lP=\^cf,^l 

= .ir'-^\e'Rn-0[-^). (16) 

where we have just used that e'i?;~ and e'i?; depends on the same configurations. 
We can see the last summation as the error term of the Taylor's expansion of 
order 2k — k for ^{e^R^) and wc can make use of the Proposition 13.41 item (c) 
for concluding the proof | 

5 The proof of Theorem 11.61 

Proof Using the property of symmetry of the sites, we obtain that 

v{Ri2) = 2^ ^ = i^(eie2i?i,2) = ^ + i^(eie2i?i,2) 
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where we have just used the relation R12 = + Ri 2- Applying the Equa- 
tion ([3]), we have 



- ^ + E E E ^ ' • ^^^ Me.e,Rl,e^Rr) (17) 



" =1 m=l Ei.anr, 



As the term 

3' ^2fpei.2J?r,2(^) 



EE E " ^ „ ''■" ^oie.e.R^.^R 



because it can be seen as the error term of order 2ko of the function iy{eie2Ri2) 
and we have used the Proposition 13.41 item (c). Now, we put the constraint 
eie2e' = 1 because the other terms vanish by Proposition 12.11 and we apply the 
Lemmall.51 Thus, 



eie2e' = 1 

+ O (-J-t) (18) 



which concludes the proof | 
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